A coherent algebra is F-primitive if each of its non-identity basis matrices is primitive in the sense of Frobenius. We investigate the relationship between the primitivity of a permutation group, the primitivity of its centralizer algebra, and F-primitivity. The results obtained are applied to give new proofs of primitivity criteria for the exponentiations of permutation groups and of coherent algebras.
INTRODUCTION
A permutation group is primitive if it preserves no non-trivial equivalence relations, while a coherent algebra (such as the centralizer algebra of a permutation group) is primitive if it does not contain the matrix of such a relation. We will show that these concepts of primitivity are (with one minor class of exceptions) equivalent to the condition that each non-identity basis matrix is primitive in the sense of Frobenius [6] , that some power of the matrix has all its entries strictly positive. The exceptional case concerns the regular action of a cyclic group of prime order, together with its centralizer algebra: here the group and the algebra are both primitive, whereas the basis matrices are not.
Using this, we obtain a simple proof of a necessary and sufficient condition for the primitivity of the exponentiation of a coherent algebra by a permutation group. This result, recently obtained by Evdokimov and Ponomarenko [4] by other methods, is a direct analog of the condition given in [11] for the primitivity of an exponentiation of permutation groups (see also [3, Lemma 2 .7A]).
PRELIMINARIES
Permutation groups and coherent algebras. Let (G, W) be a transitive finite permutation group, and let R 1 , ..., R r be its 2-orbits (the orbits of G on W 2 ), with R 1 the diagonal. Each R i determines a directed graph C i =(W, R i ). Higman [9] and Sims [16] showed that (G, W) is primitive if and only if C i is strongly connected for each i \ 2, meaning that for every pair of vertices a, b ¥ W there is a directed path in C i from a to b.
The adjacency matrices A i of the graphs C i form a basis for the centralizer algebra V(G, W) (the set of matrices over some field K commuting with the permutation matrices representing G). The properties of these basis matrices are generalized as follows.
If W is an algebra of n × n matrices over a field K, such that 
where I is the identity matrix, and J is the matrix with all entries equal to 1, then W is a coherent algebra of order n and rank r, denoted by OA 1 , ..., A r P. In addition to the usual matrix operations, W is closed with respect to the Schur-Hadamard product (component-wise multiplication). Every centralizer algebra is a coherent algebra (with basis matrices corresponding to 2-orbits), but the converse is not generally true. A coherent algebra is homogeneous (or a Bose-Mesner algebra of an association scheme) if I is one of its basis matrices. For instance, a centralizer algebra V(G, W) is homogeneous if and only if (G, W) is transitive.
With each n × n matrix A=(a ij ) we associate a directed graph 
This permutation group (H ' G, W) is called the product action of the wreath product of H by G.
Let (H, M) have rank r, with 2-orbits S 1 , ..., S r , and let L={1, ..., r}.
). It is easy to prove the following:
Proposition 1. (a, b) and (aOE, bOE) belong to the same 2-orbit of (H ' G, W) if and only if t(aOE, bOE)=t
More generally, if W=OB 1 , ..., B r P is a coherent algebra of order m and rank r, and C(
Let A j =A(C j ) be the adjacency matrix of the graph C j =(W, R j ), and let W ' G=OA j | O j ¥ OP be the vector space generated by the matrices A j , where O j ¥ O. Then W ' G is a coherent algebra of order m n , called the exponentiation of W with the permutation group (G, N). This construction was suggested in [4] , which also contains a simple and elegant proof that W ' G is a coherent algebra. However, our arguments are independent of this proof,
since if W=V(H, M) for some permutation group (H, M) then the above Proposition immediately implies that W ' G=V(H ' G, W).
Nonnegative matrices. Frobenius [6] defined an n × n matrix A, with real entries a ij \ 0, to be irreducible if the set N={1, ..., n} cannot be partitioned into non-empty subsets NOE and Noe so that a ij =0 for all i ¥ NOE, j ¥ Noe. It is easily seen that this is equivalent to C(A) being strongly connected [ 
Frobenius defined
See [17] for full details on matrix primitivity, and [13] for historical background. Also, see [5, 10] for coherent algebras, and [3] for permutation groups.
PRIMITIVITY OF COHERENT ALGEBRAS
A coherent algebra W is F-primitive if each non-identity basis element is a primitive matrix. 
=1. The non-identity basis elements of W=V(D
p , Z p ) are the matrices B i =A i +A −i (i=1, .
.., (p − 1)/2), and in each case C(B i ) is an undirected cycle of length p (representing two mutually inverse directed cycles of length p). There is a path of length p − 1 between each pair of vertices of C(B i ), so B p − 1 i
> 0 and hence W is F-primitive.
In both of these examples, the permutation group is primitive, and hence so is its centralizer algebra. The following result shows that Example 1 is the only case in which this does not correspond to F-primitivity. 
Theorem 2. A coherent algebra W is F-primitive if and only if (i) W is primitive, and (ii) W is not isomorphic to V(Z p
is not strongly connected, since it has no arcs from D to N 0 D. Since W is primitive and A k ¥ W, it follows from the primitivity criterion in §2 that A k is a scalar matrix. Hence every directed path a 0 , ..., a k of length k in C must be a cycle, with a 0 =a k (the vertices a 0 , ..., a k − 1 are distinct since C contains no cycles of length less than k). It follows that the only arc in C with initial vertex a i is (a i , a i+1 ) (taking subscripts mod k) . Since C is strongly connected we deduce that N={a 0 , ..., a k − 1 } and C is a directed cycle of length k, so A is the matrix of a cyclic permutation a i W a i+1 of order k.
Now k is a prime number p, for if k=st where s, t > 1 then C(A s ) is not strongly connected (consisting of s disjoint directed cycles of length t), and Proof. The equivalence of (i) and (ii) is simply the application of Theorem 2 to the case where W=V(G, W). The equivalence of (ii) and (iii) follows from the fact that a basis element A satisfies A m > 0 if and only if Z p ) , or if G is intransitive, then W ' G contains the matrix E of a non-trivial equivalence relation -on W.
PRIMITIVITY OF EXPONENTIATIONS
In the first case, W contains the matrix of a non-trivial equivalence relation ' on M, and we can define -on W by a - 
